Inhomogeneous plasmas-solar instabilities-are investigated by using the techniques of classical differential geometry for curves, where the Frenet torsion and curvature describe completely the motion of a curve. In our case, the Frenet frame changes in time and also depends upon the other coordinates, taking into account the inhomogeneity of the plasma. The exponential perturbation method, so commonly used to describe cosmological perturbations, is applied to the magnetohydrodynamic (MHD) plasma equations to find modes describing Alfvén wave propagation in the medium of planar loops. Stability is investigated in the imaginary axis of the spectra of complex frequencies ω, i.e. (ω) = 0. A pratical guide for experimental solar physicists is given by computing the twist of force-free solar loops, which generalizes the Parker formula relating the twist to the Frenet torsion. In our expression the twist of the solar loops also depends on the abnormality of the normal vector of the frame.
Introduction
Very recently NASA has anounced [1] that the solar atmosphere is more turbulent that we imagined before, and that solar loops are also more unstable, producing solar flares. The topology and geometry of hydrodynamic and MHD instabilities have been called [2] one of the most important parts of plasma science. Arnold and Khesin [3] have investigated the role of topology and Riemannian geometry in MHD dynamos. Their study is thus important for use in geophysics and solar physics [3] . The use of chaotic flows has been developed recently by Thiffeault and Boozer [4] . Twisted magnetic structures have been applied in solar physics [5] , and in plasma filaments-electric current-carrying loops [6, 7] . In this paper we consider generalized filamentary structures and their unstable profiles. One of the simplest methods to investigate instabilities is the so-called exponential instability which is characterized by the relation (ω) > 0, where denotes the imaginary part of the complex structure of the spectra of perturbations. Any physical quantity in equilibrium Q 0 is perturbed by a quantity
where is the coordinate along the filament and is along the filament direction. The quantities || and ⊥ represent the respective wave numbers of propagation. Thus, Q could rep-resent any perturbed physical quantity such as magnetic fields or flow speed. The knowledge of the tilt, twist and writhe of solar filaments, for example has recently helped solar physicists [8] to work out vector magnetogram data obtained from solar satellites. This is already a strong motivation to continue investigating the topological properties of these filamentary twisted magnetic structures. Earlier, the Yokkoh solar mission [9] had shown that the sigmoids, which are non-planar solar filaments, are obtained due to the action of electric currents along these plasma loops, and this result was used recently [6, 7] as motivation to investigate current-carrying torsioned twisted magnetic curves. The paper is organized as follows: In section 2 we decompose the MHD equations on a Frenet frame along a thin filament and perturb the MHD vector equations. In section 3 we compute the perturbations of the magnetic loops. Section 4 presents the computation of the twist in the generalized Parker [10] expression. In section 5 we present the conclusions.
Scalar perturbations in solar loops
Let us now start by considering the MHD equations:
where the equilibrium quantities are
The magnetic field B along the filament is defined by the expression B = B and B is the time-dependent component along the arc length of the filament. Here we consider that B 0 does not depend on time and also does not depend on normal coordinates n, so B 0 = B 0 ( ). The vectors and along with the binormal vector together form the Frenet frame which obeys the FrenetSerret equations:
where represents ordinary differentiation with respect to coordinate s, and κ( ) is the curvature of the curve, with
. Here τ represents the Frenet torsion. We follow the assumption that the Frenet frame may depend on other degrees of freedom so that the gradient operator becomes
The other equations for the other legs of the Frenet frame are:
The equations [6, 7] for the time evolution of the Frenet frame are:
where κ = ∂ ∂ κ.
Unstable solutions of plasma solar loops and Alfvén waves
Substitution of the above equations into the LHS of the magnetic equation gives
Expansion of this equation in the Frenet frame yields
where we have used the fact that B 0 is constant. Substitution of the above dynamical relations for the Frenet frame yields the following geometrical constraint:
For planar filaments the above condition implies that the torsion τ = 0. The remaining constraint is
where the Ω A (A = ) represent the abnormalities [11] :
In particular if Ω = 0 we say that the filament bundles are geodesic. Note also that we consider that the curvature and torsion are perturbed but we assume that the torsion remains zero after perturbation so the motion is constrained to be perturbed in the plane. In mathematical terms, τ = τ 0 + τ 1 and κ = κ 0 + κ 1 where τ 0 = 0 and τ 1 = 0. Since the current density is written as J = ρ one obtains
which yields
which reduces to where θ = • ∂ , which yields the solution
where 0 is an integration constant. Now the perturbed equation is ∇ B 1 = 0 (39) which reduces to the expression
which in turn produces the following complex equation
which being analogous to equation (34) can be solved in the same way to yield
Now let us solve the conservation of mass equation as
Expanding this complex relation we are able to find that The solution described here is also suitable for plasma filaments, solar loops, or flux tubes, where the curvature is not perturbed since is fixed by the topology of the plasma coronal loop.
Geometrical constraints on the twisted force-free solar loops
In their investigation of the origin of the deformed flux tubes, Lopez Fuentes et al. [8] have considered that the writhe of solar loops is distinct from zero. This topological constraint means that the solar loop is nonplanar or the existence of torsion is taken for granted. The torsion, as been previously shown by Parker, [10] is proportional to twist of the loops. Here, as another example of geometrical constraints in solar loops, we shall address the important issue of force-free solar loops. Let us start by writing the magnetic solenoidal (1) and force-free constraint
where α is the twist of the solar loop. Parker's definition of α is given by
where the -coordinate is taken as the cylindrical coordinate. Although this definition is quite convenient in the cases when flux tubes are straight, unless we are around a point where a cylindrical flux tube approximation can be used it is not so convenient for strongly torsioned (twisted) [11] and strongly curved [11] 
But since the abnormality [6, 7] of the normal vector, Ω is given by
one can write
Note that the above expressions reduce to the Parker expression when Ω vanishes.
Conclusions
In conclusion, geometrical constraints on solar loops were obtained through the use of the tools of differential geometry. We also hope that the analytical models discussed here may be useful to solar physicists in the checking their observational results for magnetic twist and writhe in solar activity regions. Plasma MHD instability is investigated in the framework of the Frenet inhomogeneous frame. Alfvén waves are found, where the velocity is expressed in terms of the Frenet div of planar solar loops. Amplification of the magnetic fields [12] is possible in the case of unstable filaments and this is also useful in the investigation of dynamos. Future work in the field of perturbations would include the plasma metric perturbations.
